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Abstract. A Smale space is a chaotic dynamical system with canonical co- 
ordinates of contracting and expanding directions. The basic sets for Smale's 
Axiom A systems are a key class of examples. We consider the special case 
of irreducible Smale spaces with zero dimensional contracting directions, and 
characterize these as stationary inverse limits satisfying certain conditions. 



1. Introduction 

D. Ruelle [8j defined Smale spaces in an effort to axiomatize the topological 
dynamics of the basic sets of an Axiom A system. The idea of moving from an 
Axiom A system to a Smale space is motivated by the fact that the basic sets 
themselves are merely topological spaces and not submanifolds. The main feature of 
a Smale space is its canonical coordinates of contracting and expanding directions, 
which arc defined using a metric rather than differential topology. 

It is well-known that all totally disconnected Smale spaces are shifts of finite 
type. And shifts of finite type are inverse limits of one-sided shifts of finite type, 
which were characterized by W. Parry [5] as positively expansive open mappings 
of compact, totally disconnected metrizable spaces. The natural next step is to 
consider Smale spaces which are totally disconnected in only one coordinate and 
to work towards a characterization of these as inverse limits of spaces satisfying 
certain conditions. 

R.F. Williams [ID] looked at expanding attractors. He proved that these are basic 
sets which are totally disconnected in the contracting direction and Euclidean in the 
expanding direction. He provided a construction using inverse limits of branched 
manifolds and also proved that (under appropriate hypotheses) all such basic sets 
arose from this construction. We will be working in the metric setting of Smale 
spaces, but the goal is to extend Williams' results by removing all hypotheses on the 
unstable sets. Williams relied very heavily on the smooth structures of branched 
manifolds in his conditions and proofs, and to adapt to the metric setting of Smale 
spaces, we really needed a whole new set of ideas. We do not simply ignore the 
differentiable structure of Williams' systems and adapt his arguments accordingly; 
such a development, in dimension 1, is given in |12) . 

This paper is a summary of the my Ph.D. thesis 9. It is a pleasure to thank 
my advisor Ian Putnam for many useful discussions. In particular, Example 3 in 
Section [2] was suggested by him. 
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2. Background and Statement of Results 

To provide some intuition for our results, we begin this section with a very brief 
review of Williams' conditions for his inverse limit spaces. This is followed by a 
proper definition of a Smale space and a statement of our conditions and results. 
We finish with a number of examples to illustrate our conditions. 

2.1. Williams' Inverse Limits. R. F. Williams [10] defined an n-solenoid as an 
inverse limit 

K = Km K ^— K +2 , 

where if is a compact Riemannian branched C r n-manifold and g : K — ¥ K is a 
C r immersion satisfying the following axioms: 

(1) g is non- wandering, 

(2) g is an expansion: there exist constants A > and \i > 1 such that for 
all n G N and k G T(K), we have \Dg n (k)\ > A/J, n \k\, where T(K) is the 
tangent space of K and Dg is the derivative of g, and 

(3) g is flattening: for each x G K there is a neighborhood N of x and j G Z 
such that g 3 (N) is contained in a subset diffeomorphic to an open ball in 
R". 

He proves that an n-solenoid locally has the structure of a (Cantor set) x (n-disk). 
Moreover, he proves that under certain conditions (which were later removed by 
H.G. Bothe in [2]) his expanding attractors are conjugate to n-solenoids. 

Intuitively, Williams' expansive and flattening conditions are contradictory. This 
apparent dilemma is solved because it is the derivative, Dg, that is injective and 
expanding, while g is flattening. Since we are approaching this problem outside of 
the smooth structure of manifolds, we need entirely different conditions. 

2.2. Statement of Results. 

Definition 2.1. Let (X,d) be a compact metric space, and let / : X — > X be a 
homeomorphism. For x G X and e > 0, we denote 

X s (x, e) = {y G X \ d(f n (x), f n (y)) <e,n>0} 

and 

X u (x, e) = {y G X | d(f- n (x), f- n (y)) < e, n > 0}; 
these are called the local stable and unstable sets of x, respectively. The triple 
(X,d,f) is a Smale space if there exist constants ex > 0, e' x > and < A < 1 
such that 

(1) for all x G X and n > 0, d(f n (y), f n (z)) < \ n d{y, z) if y, z G X s (x, e' x ), 

(2) for all x G X and n > 0, d(f- n (y), f~ n (z)) < X n d(y, z) if y, z G X u (x, e' x ), 
and 

(3) if d(x, y) < ex then X s (x, e' x )nX u (y, e' x ) consists of a single point, denoted 
by [x,y]. 

The bracket map [•, •] : {(x,y) elxl d(x,y) < ex} — >• X is continuous. 
Moreover, for small enough e > 0, [•, •] restricted to X u (x, e) x X s (x, e) is a home- 
omorphism onto a neighborhood of x. 

We want to show that certain Smale spaces are inverse limits. To this end, 
we will construct stationary inverse limits of spaces satisfying the following two 
conditions, where the notation B(x,r) denotes a closed ball. 



SMALE SPACES VIA INVERSE LIMITS 



3 



Let (Y, d) be a compact metric space, and let g : Y — > Y be continuous and 
surjective. We will say that (Y, d, g) satisfies Axioms 1 and 2 if there exist constants 
/3 > 0, K > 1, and < 7 < 1 such that 

Axiom 1: ifd(x,y) < (3 then 

d(g K (x),g K (y)) < 7 K d(g* K (x), g 2K (y)), 

and 

Axiom 2: for all x GY and < e < (3, 

g K (B(g K (x),e))Cg™(B(x, 7 e)). 

Intuitively, Axioms 1 and 2 could be viewed as weakend versions of the conditions 
that g be locally expanding and open, respectively. Locally expanding would be 
Axiom 1 if the inequality were replaced with d(x,y) < j K d(g K (x), g K (y)). And 
Axiom 2, with the containment replaced by B(g K (x),e) C g K (B(x,je)), would 
imply that g K (and hence g) is open. 

We denote the stationary inverse limit associated with (Y, g) by 

Y = ^mY ^-Y ^-Y ^ 

= {(2/0,1/1,2/2, •••) I Vn £ Y, y n =g(y n+1 ) Vn>0}, 

and the natural mapping on Y induced by g is denoted 

g : (2/0,2/1,2/2, •••) >->■ (g{yo),g{yi),g(y2),- ■ ■) = (g(yo),yo,yi,- ■ ■)■ 

We will use d to define a metric d on Y. 

The following two theorems are the main results of this paper, and their proofs 
make up Sections [3] and 21 respectively. 

Theorem A. // (Y, d, g) satisfies Axioms 1 and 2 then (Y, d, g) is a Smale space 
with totally disconnected local stable sets. Moreover, (Y~, d, g) is an irreducible Smale 
space if and only if (Y, d, g) is non-wandering and has a dense forward orbit. 

Theorem B. Let (X, d, f) be an irreducible Smale space with totally disconnected 
local stable sets. Then (A, d, f) is topologically conjugate to an inverse limit space 
(Y,S,a) such that (Y, 6, a) satisfies Axioms 1 and 2. 

The space Y in Theorem B is a quotient of X, and the proof of the theorem 
is constructive. If apply the construction to an irreducible shift of finite type, the 
quotient is simply the one-sided shift and the inverse limit recovers the original 
two-sided shift. 

It is clear that Axioms 1 and 2 are central and subtle. The following three 
examples are intended to give some context for these conditions. 

Example 1: The role of the constant K > 1. The following well-known exam- 
ple satisfies R.F. Williams' conditions for a 1-solenoid ill!, as well as our Axioms 
1 and 2. 

Let Y be a wedge of two circles, a and 6, joined at a single point v. Let both 
circles have circumference 1. 

Divide a into thirds and b into halves. Let g : Y Y map each of the first two 
intervals of a onto a and the third interval onto &; the first interval of b onto a and 
the second onto b (see Figure [T]) . 
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FIGURE 1. a aab, b^> ab 



This example does not satisfy the locally expanding version of Axiom 1: for any 
> 0, we can find x 6 a\{t>} and y S such that d(x, y) < /3 and g(a) = g(b). 

So we cannot have d(x,y) < r y K d(g K (x) , g K (y)) for any K > 1 and < 7 < 1. 

What is happening here is that on a local level, the first iteration of g flattens, and 
the second iteration expands. We remark that Williams' conditions allow for both 
flattening and expansion because it is the derivative of the map that is expanding. 

Example 2: A surjection failing Axiom 2. Let ^ and Ylf 2 j be the full 
one-sided shifts on the symbol sets {0,1} and {0,2}, respectively. We'll use the 
following common metric on these one-sided shifts: d(x, y) = 2~ mm {" I x ^v^} . 

Let Y — E^~ ^ (J E|~ 2 j , and g be the usual left shift map. Then g is clearly a 
continuous and surjective map on Y. 

Let us show that Axiom 2 fails for (Y, d, g). Choose K > 1, N > 2K and 
< 7 < 1 . Consider the points x,ygF given by 

_ ( 1 if n = N + K 
Xn ~ { if n N + K 

and 

f 2 if n = N 
Vn ~ { if n ^ N ■ 

Then ^(g^x^y) = 2~ N . However, g K (y) ^ g 2K (B(x, -f2~ N )) since for any point 
z G B(x,j2~ N ) we have g 2K (z)n-2K — zn — xn = 0. 

It is easy to see that the inverse limit (Y, g) is conjugate to (£{0,1} U ^{0,2} 1 S), 
where Sr 01 -j. and H^ 2 } are the full two-sided shifts on their respective symbol 
sets, and S is the left shift map. However this system is not a Smale space: we 
can find distinct points x G £{0,1} an( i y G ^{0,2} that are arbitrarily close, yet the 
intersection of the local stable set of x (contained entirely in E{ 0i i}) and the local 
unstable set of y (contained entirely in E| ,2}) is empty. 

Example 3: A space satisfying Axioms 1 and 2. Consider the following 
example. Take six copies, Y±, Y2, ■ ■ ■ , Ye, of the Sierpinski gasket with distinguished 
vertices, as in Figure [2] (For a description of the Sierpinski gasket, see [4]). We 
note that the picture omits the intricate structure in the interior of the triangles. 
Moreover, the short extensions added to the vertices ought not to be considered as 
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points in the space, but merely as labels which code the same information as A, B, 
and C. 

Let ~ be the equivalence relation on Yi U Yi U • • ■ U Ig identifying the six vertices 
labeled A, the six vertices labeled B, and the six vertices labeled C . That is, the 
only equivalence classes containing more than one point are A, _B, and C. We define 

y = (yiuY a u-"uy 8 )/~- 




Figure 2. Three distinguished vertices 

We use the standard "shortest path" metric on Y. See Figure [3] for an example 
of a neighborhood of A. 




Figure 3. A neighborhood of A 
It is clear that (Y, d) is compact. 

We define a mapping g : Y — > Y as follows: g fixes A, B, and C. In each triangle 
Yi, the midpoint of the left edge is mapped to A, the midpoint of the bottom edge 
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is mapped to B, and the midpoint of the right edge is mapped to C (hence the 
labels as small line segments) . On each of the remaining three small gaskets which 
make up Yi , g scales by a factor of 2 and maps them onto the unique gasket with 
the vertices as specified by the images of the three corners. As an example, the 
image of Y\ is shown in Figure [4] 



A 




Figure 4. g{Y x ) 

The relation ~ ensures that g is well-defined on Y . This mapping is clearly 
continuous on Y . Observe, however, that the map g is not locally injective, and 
hence not locally expanding either. Moreover, for every k > 1, the map g k is not 
an open map. 

It is not hard to see that (Y, d, g) satisfies Axiom 1, since g is essentially a scale- 
and-subdivide mapping. The subtlety of this example lies in what happens at the 
vertices. The image of a small enough neighborhood of any vertex, as shown in 
Figure [3l intersects only two of the gaskets, and it is this notion of flattening that 
gives us Axiom 2. 

3. Proof of Theorem A 

Suppose that (Y, d,g), together with the constants /? > 0, K > 1, and < 7 < 1, 
satisfies Axioms 1 and 2. 

We define a metric d on Y by 

K-l 

d(x,y) = J- k d'(g- k (x),g- k (y)), 

k=0 

where d'(x, y) = swp n>Q {j n d(x n ,y n )}. It is not hard to show that d gives the 
product topology on Y, so that (Y, d) is compact. Moreover, it is clear that the 
map g is a homeomorphism on (Y, a). 

Our first task will be to obtain more useful descriptions of the sets Y s (x, e) and 
Y u (x,e). 

We make the following easy observation about d'. 
Observation 3.1. If xq — yo then d'(g(x), g(y)) — 7<i'(x, y). 
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Choose 

o < 4 < \p 

such that d(x, y) < implies <2(<T n (x), g~ n (y)) < P for n = 0, • • • , 2K - 1. 

Lemma 3.2. -For any < e < e^,, y £ Y s (z,e) if and only if y m = z m for 
m = 0, • • • , K — 1 and d(y, z) < e. 

Proof. First, suppose that y £ ^ s (z, e). By our choice of eL, we have 

r (2X- 1)(y)e ^ (r ( 2 K-l) Z)/3) _ 

So for each m = 0, • ■ • , if — 1 and any n > 0, we have 

d(g n (y K+m ),9 n (zK +m ) = d( 9 "(g- (K+m) (y)o),9 n (g- {K+m) (z)o)) 
= d(r- iK+m) (y)o,g n - {K+m) (z)o) 

< d'(g n - (K+m) (y),g n - (K+m) (z,)) 
<d(g n - (K+m \y),g n -( K+m \z)) 

Applying Axiom 1, we get 

d(g K+n (y K+m ),g K + n (z K+m )) < 7 K d(g 2K+n (y K+m ),g 2K + n (z K+m )) 
for all n > 0. That is, 

d(y m ,Z m ) = d(g K (y K+m ),g K (z K+m ) 

<Y K d(g^ K (y K+m ),g^ K (z K+ m)) 
<l sK P 

for all s > 1, so that y m = z m . 

For the converse, suppose y m — z m for m = 0, • • • , K — 1 and d(y, z) < e. For 
each m = 0, • • • , K — 1 we have <?~ m (y)o = £/m = 2 m = g~ m (z)o- It follows by 
Observation 13.11 that 

d'(r m+1 (y),r m+1 (z)) = 7 d'(r m (y),r m (^)), 

and hence 

d{g{y),g{z)) = jd(y,z). 

That is, y,„ = z,„ for m = 0, • • • , K — 1 implies d(g(y), g(z)) = 7d(y, z). Let us 
apply this result to g n (y) and <?™(z), where n > 0. We have 

g n (y) m = g n (y m ) = g n (z m ) = g n (z) m 

for m = 0, • • • , K — 1, hence 

d(g n+1 (y),g n+1 (z)) = 1 d(g n (y),g n (z)). 

It follows that 

d(g n (y),g n ( Z ))=~/ n d(y, Z )<e 
for all n > 0. □ 

The following property follows easily from the proof of Lemma 13.21 This is part 
(1) of Definition O 

Corollary 3.3. 7/y,z e Y s ( X ,e'~), then d(g(y),g(z)) < jd{y,z). 
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Now let us consider the sets F"(x, e). We observe that the following lemma does 
not hold if we replace d with d'; this is in fact the reason for our use of d. 

Lemma 3.4. For any < e < e'^, y 6 Y u (z,e) if and only if d{y ni z n ) < e for 
every n > and d(y, z) < e. 

Proof. Let < e < e^. 
If y e Y u (z,e) then 

d(y n ,z n ) = d{g- n (y) ,g- n (z) a ) 

<d'(g- n (y),g- n (z)) 

<d(g- n (y),g- n (z)) 
< e 

for all n > 0. 

Conversely, suppose c?(y„, z n ) < e for all n > and d(y, z) < e. Since e < e'^> < /3, 
we can apply Axiom 1 to get d(g K (y n ) , g K (z n )) < j K d(g 2K (y n ), g 2K (z n j) for all 
n > 0. Hence 

d\g~ K {y),g~ K {z)) = sup n > {j n d{y K+n ,z K+n )} 

= sup„> {7 n d(g K (2/2K+™), g K (^2K+™))} 

< 7 K sup„> { 7 "d(.g 2 ^ (y 2X+ „), g 2K (z 2K+n ))} 

= 7 K sup„> {7 n d(y„,2;„)} 

= 7 K rf'(y,z), 

which gives 

K-l 



dig-^y^g-^z)) = £ 7 -"V(r m - 1 (y),r m - 1 (z)) 

m=0 

if-2 

< 7~ ( ^ 1) 7My,z) + X! 7^'(.g- m - 1 (y),r m - 1 (z)) 



7 



m=0 

rf'(y,z) + ^7- m rf'(r m (y),r m (z)) 

\ m=l / 

= 7d(y,z). 

We have shown that d(y n ,z n ) < (3 for all n > implies that 
dig-'iy)^- 1 ^)) <7d(y,z). 
Let us apply this result to g~ s (y) and g~ s {z), where s > 0. We have 

d (g~ s {y)n,g~ s (z)n) = d(y n+s ,z n+s ) < e'^ 
for all n > 0. It follows that 

'(y)^— H^)) < jd(g- s (y),g- s ( Z )), 
and this is for any s > 0. Therefore 

rf(r n (y),r"(z))<7My,z)<e 

for every n > 0. □ 
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The following property follows easily from the proof of Lemma l3.4l This is part 
(2) of Definition O 

Corollary 3.5. //y,z e Y u ( X ,e' f ), then d^- 1 (y) , g~ x (*)) < jd(y,z). 
Choose 

o<4<H 

such that d(x, y) < implies rf(§(x), g(y)) < e^. Then choose 

such that d(x,y) < e Y implies d(g n (x) , g n {y)) < ■^'y K ~ 1 ^ for rc = K, ■ ■ ■ , IK- 1. 

Lemma 3.6. Ifd(x,y) < e Y then Y s (x, e' y ) n i^ u (yi e ^>) * s a singleton. 

Proof. Let d(x,y) < e^>. Notice that we have 

7 -^- 1 )( 7 M^-i,y 2 K-i)) < T-^d'^-^-^CxJ.r^- 1 ^)) 

<d(x,y) 
<e y . 

That is, 

(3.1) d{x2K-i,V2K-i) < 7 _le ^ < P- 

Let us define a point z by defining z s k,--- , 2( s +i)k -i) inductively on s. Let 
z m = x m for m = 0, • • ■ K — 1. By (|3.ip and Axiom 2, we have 

ZK-l = XK-l 

= g K {x2i<-\) 

€g K (B(y 2K ^ 1 , 1 - 1 ey)) 
= g K (B(g K (y 3K ^), 7 - 1 e+)) 
Cg 2K (B(y 3K „ u e Y )), 
so Zk-1 — g 2K (U3K-1) f° r some 

(3.2) u 3K -i € B(y 3K -i, £y-). 
Define 

Z2AT-1 = .9^(u3K-l) 

= 3(^2if-l) = 3 A + 1 ( u 3A'-l) 



z K = g(z K+ i) = g 2K 1 {u 3K - 1 ). 

Observe that we have g(zpc) = g 2K \usk-i) = %k-i- 
We then use l|3.2p and Axiom 2 to get 

U4K-1 G B(y iK _ 1 ,ey) 

such that g K {u 3 K-\) = g 2if {u±k -i)- We use u^k-i to define z 2 k , • • • , an( i 
so on. Our construction ensures that z = (zo, Zi, • • ■ ) S F. 
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Using Lemmas 13.21 and 13. 5[ it can be shown that 

zey , (x,4)nr(y,4). 

This is a technical, but not difficult, proof and is hence omitted. 

Let us show that z is the only point in Y s (x, e y ) fl Y u (y, e' Y ). Suppose 

yey s (x,4)nr( y ,4). 

Since v, z e Y s (x, e^,), we have by Lemma 13.21 that v m = x m — z m for 
to = 0, • • • , K — 1. And by Lemma I3TH v, z e Y u (y, e^,) implies 

(3.3) d(v n ,z n ) < d(v n ,y n ) + d(y n ,z n ) < 2e' y < (3 

for all n > 0. We will complete the proof by induction, by showing that v m = z m 
implies v m+K = z m+K . So suppose that v m — z m . We have d(v m+2 K, z m +2K) < P 
from (13. 3|) . and we have assumed that d(g 2K (v m +2K ), g 2K (z m +2i<)) = d(v m , z m ) = 
It follows by Axiom 1 that v m+K = g K {v„ 1+2 k) = g K {z m +2K) = z m+K - □ 

For points xj £ 7 with d(x, y) < e^>, the bracket [x, y] is now defined as the 
unique point in the intersection l" s (x, e^) n Y u (y,e'-). This completes the proof 

that Axioms 1 and 2 imply that (Y, d, g) is a Smale space. Now we will show 
that this Smale space has totally disconnected local stable sets. We will need the 
following lemma. 

Lemma 3.7. Axiom 1 implies that g is finite-to-one. 

Proof. Suppose that Y contains an infinite sequence (y n ) of distinct points all 
having the same image under g. As g is onto, so is g . For each n, pick z n 
with g K {z n ) — y n . Then (z„) must have an accumulation point, so we may find 
z m and z n with m ^ n and d(z m ,z n ) < j3. So we have g 2K (z m ) = g 2K {z n ) 1 but 
9 (Zm) = y-m and g K {z n ) = y n are distinct; this contradicts Axiom 1. □ 

Proposition 3.8. If (Y,d,g) satisfies Axioms 1 and 2, then the Smale space 
(Y, d, g) has totally disconnected local stable sets. 

Proof. For n > 0, denote by 7r„ : Y — > Y the projection map 7T n (j/oj Hi, V2, ■ • • ) = Dn- 
Choose y G Y. By Lemma \'A. 21 every point in Y s (y, €y) has the same first coor- 
dinate, yo. Therefore, for any n > 0, the set n n (Y s (y,e Y )) C g~ n {yo} is finite 
by Lemma 13.71 So the 7r„ preimage of any point in this finite set is clopen in 
Y s (y, £y). As a result, for any two distint points in Y s (y, e Y ), we can find a clopen 
set containing one but not the other. □ 

A Smale space is said to be irreducible if it is non-wandering and has a dense 
orbit. It is well known that (Y, g) has these properties if and only if its stationary 
inverse limit (Y,g) does. For a proof of these facts, see pQ. 

4. Proof of Theorem B 

Let (X, d, f) be an irreducible Smale space whose local stable sets are totally 
disconnected, with constants ex > 0, e' x > 0, and < A < 1 as in Definition 12.11 
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We will use a Markov partition with a special property to define an equivalence 
relation, ~, on X. We then define a metric, S, and a mapping, a, on the quotient 
X/„. We will show that (X/^,S,a) satisfies Axioms 1 and 2, and that 

together with the map a and metric 5, is conjugate to (X, d, /). 

The relation ~ has the effect of collapsing each Markov partition rectangle to 
a single unstable set (see Figure |4|). These unstable sets may intersect on the 
boundaries, making the definition an appropriate metric on Xj ^ rather difficult. 
The other aspects of our construction of the inverse limit space are quite intuitive. 




Figure 5. The equivalence relation ~ 

4.1. Construction of the Quotient Space. A non-empty set R C X is called 
a rectangle if R = Int(i2) and [x,y] £ R whenever x,y G R. The second condition 
tells us that we must have diam(i?) < ex- 

For a rectangle R and x € R, we will denote X s (x,R) — X s (x,ex) H R and 
X u {x,R) = X u (x,ex)nR. 

A finite cover V = {R\,R%, ■ ■ ■ , R n } of X by rectangles is a Markov partition 
provided that 

(1) Int(Ri) n Int(.Rj) = for i ^ j, and 

(2) f(X s (x,Ri)) C A s (/(x),i?,) and /-'(^(/(i), i?^) C X"(a;,i^) when- 
ever x G Int(i?i) fl / _1 (Int(i?j)). This is called the "Markov property". 

Bowen [3] proved that all irreducible Smale spaces have Markov partitions. But 
a generic Markov partition is not sufficient in our case. We need a Markov partition 
where each rectangle is clopen in the stable direction. Our proof of the existence 
of such a partition relies heavily on a number of properties of s-resolving factor 
maps; a factor map between two Smale spaces is s-resolving if it is injective on the 
local stable sets of its domain. Alternatively, Proposition 14.21 could also be proved 
by following Bowen's construction for a generic Markov partition and making some 
necessary adjustments along the way. 

Proposition 4.1 (Putnam J7i). Let it : (X,f) — > (Y,g) be an s-resolving factor 
map between irreducible Smale spaces. Then 

(1) 7r is a homeomorphism on the local stable sets X s (x,e), 

(2) 7r is finite-to-one, and 

(3) for every point yo in Y with a dense forward orbit we have 

#7r- 1 {y } = dcg(Tr) = min{#vr- 1 {y} y 6 Y}. 
Furthermore, there exists > such that 
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(4) for all xi, x% £ X with dx (xi, X2) < we have [xi, x%] and [tt(xi), 7r(x2)] 
both defined and 

[7r(xi),7r(x 2 )] = 7r([xi,x 2 ]), 

(5) if 7r(xi) € Y u (n(x2), ey) and d(xi, x 2 ) < e^, then x\ £ X u {x2 1 e-n), and 

(6) ifx,x' G X wii/i 7r(x) = 7r(x') and liminf„_i. 00 d(/"(x), f n (x')) < e^, then 
x = x' , 

Proposition 4.2. Let {X, f) be an irreducible Smale space such that X s (x, e) is to- 
tally disconnected for every x £ X and < e < ex ■ Then there exists a Markov par- 
tition, V , for [X, /) such that if x G R £?, then X s (x, i?) is clopen in X s (x, ex)- 

Proof. By Corollary 1.3 of [6], there exists an irreducible shift of finite type, E, and 
an s-resolving factor map tt : E — >• X. The metric on E is the common one given 
by cfe(s,t) = E„GZ 2 ~ H x(sn,in), where 

, n _ f if s n = t n 

And the homeomorphism on E is the usual left shift map, which we denote by S. 
Let e n > be as in Proposition [4J] Choose N G N such that 

|n|>JV 

Let P2JV+1 be the set of all paths of length 2N + 1 which appear in elements of E. 

For w G -P2JV+1, let R w — {a G E | • ■ -ajv = w}. Then i? w is a clopen 
rectangle in E with diameter less than e OT , and V = {R w \ w G P2N+1] is a Markov 
partition for £. 

Since each G "P is compact in E, it follows that tt(R w ) is compact in X, and 
hence closed. Moreover, since tt is s-resolving and each R w is clopen, it follows 
that each n(R w ) is clopen in the stable direction. Let's show that [x,y] G tt(R w ) 
whenever x, y G ^(i?™). Suppose x = 7r(a) and y = 7r(b) for some a, b G R w . Since 
diam(i? tlI ) < e^, it follows from Proposition 14.11 (4) that we must have 
[x,y] = [7r(a),7r(b)] =7r([a,b]) G ir(R w ). 

By Proposition 14.11 (2), tt is finite-to-one; let d = deg(7r). We will show that a 
subset of 

{tt(R Wi ) (~l tt(R W2 ) n • ■ ■ n ir{R Wd ) I R Wl , R W2 , • ■ • , R Wd G V distinct} 

is a Markov partition for (X, /) . 
Let us define a map n : X — »■ N by 

n(x) = #{R W G P | x G 7r(i?»,)}. 

Since the R w are disjoint, it follows that 

(4.1) n{x) < #7r" 1 {x} 
for all x G X. 

We have the following estimate of continuity of n. Suppose we have a convergent 
sequence xu with limit point x. Since each x\~ lies in ro(xfc) elements of the finite set 
{ir(R w ) I G P}, we may pass to a subsequence where every term is contained 
in the same ir(R w ) , s, Since they are closed, x also lies in these tt(R w )'s, Hence 

(4.2) n(x) > limsupn(xfc). 
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Let us show that n(x) > d for all x £ X, and that equality holds if x has 
a dense forward orbit. Let x be any point in X and let xo <E X have a dense 
forward orbit (such a point exists since (X, f) is irreducible) . By Theorem 14.11 
(3), #7T~ 1 {a;o} = d; let 7r -1 {:Eo} = {ai,a 2 , . . . , a<j}. Choose a sequence of positive 
integers so that f mk (xo) converges to x. Pass to a subsequence where S mk (a.j) 
converges, for each 1 < j < d. If two of the limit points (for different values of j) 
are in the same rectangle, then they are within of each other. So by Theorem 
14.11 (6). these two a^-'s are equal. Since this isn't the case, we see that no two limit 
points of the sequences can be in the same rectangle, but they all clearly lie in 
7r _1 {a;}. As a result, n(x) > d. It follows from (14. 1| that n(xo) = d. 

That is, n^ 1 {d) is non-empty and n~ 1 {k} is empty for k < d. From (|4.2[) we 
also see that n~ 1 {d + 1, d+ 2, . . .} is closed and so n^ 1 {d} is open. We claim it is 
also dense. But that follows from the fact that it contains all points with a dense 
forward orbit. One of them is enough, since each point in its forward orbit also has 
a dense forward orbit. 

Let 

S = {{RwuRw,, ■ ■ ■ ,Rw d } C V | 3 x e n _1 {d} with 

x e tt(Rw) w e {wi,W2, ■■■ , wd}}- 

We will show that 

K= {ir(R Wl )nir(R W2 )n---niT(R Wd ) | {R Wl ,R W2 ,--- ,R Wd }eS} 

is a Markov partition for (X,f). We already observed above that each ir(R w ) is 
clopen in the stable direction; it is clear that a finite intersection of these sets would 
have the same property. 

First we need to know that the elements of 71 are rectangles. That they have 
dense interiors follows from the fact that n~ 1 {d} is open and dense in X. Moreover, 
we observed above that for any R w 6 V, we have [x,y] € ir(R w ) whenever x,y G 
ir(R w ). 

That 71 covers X and that the elements of 1Z have disjoint interiors also follows 
from the fact that n~ 1 {d} is open and dense in X. 

So it remains to prove that 1Z satisfies the Markov property. It suffices to prove 
this for the set of points in X with dense forward orbits, since these points (and 
their orbits) are clearly contained in the interiors of elements of TZ. 

Let x e int(nti^(^)) n rHMnti 7 ^)))' where pLm 11 "*) and 

riiLi 7r (^V;) are elements of 1Z. Since 7r _1 {x} = {ai,-- - ,a.d} and n(x) — d, it 
follows that for each there are 1 < i,j < d such that a^ G R Wi nS^ 1 (R v .). Theie- 
foreS^afc,^)) C £ s (S(a fc ), R V] ) and S-^E-^afc), Ry,)) C E»(a*, i^J- By 
Proposition ^. II (1). tt is a homeomorphism on the local stable sets, so that 

/(X s (a:,7r(i?^))) = /(7r(S s (a fe , i^J)) = 7r(5(E s (a fc , i?.^ ))) C ir(R V] ). 

And by Proposition 14. II (5), we also have 

f- 1 (X u (f(x),7r(R Wj ))) C /-H^S"^),^))) 

= 7r(5- 1 (S"(5(a fc ),i? l „ 3 ))) 

C 7T(i?„J. 

Since f(X s (x,e x )) C A s (/(a;), e x) and f- 1 (X u (f(x),e x )) C X"(x,e x ) hold triv- 
ially, we are done. □ 
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Let V = {Ri, ■ ■ ■ , Rm} be a Markov partition for (X, f) as in Proposition 14.2) 
that is, for every x E Ri £?, X s (x, Ri) is clopen in X s (x, ex)- 
We define a relation » on X as follows: 

x « y if and only if x, y E i?i for some Ri £ V and a; E X s {y, ex)- 

We observe that this relation is reflexive and symmetric, but not transitive. Let ~ 
be the transitive closure of «, with equivalence classes denoted [[■]]. That is, x ~ y 
if and only if there are Xi, X2, • ■ ■ ,x n € X such that x « x\ w • • • « x n w y. 

We observe that [[a:]] C X s (x) = {y E X \ lim^^ d(f n (x) , f n (y)) = 0}. 
Moreover, if x E Inti?; then x « A s (x,i?i) C IntRi, and Inti?i n i?j ■ — if i 7^ j, 
so that [[x]] = X s (x,Ri). That is, the equivalence classes, [[•]], are larger on the 
boundaries of the Markov partition rectangles than they are on the interiors; by 
"larger" we mean that they intersect more rectangles. As a result we have the 
following intuitive sense of lower semi-continuity on the local unstable sets: for a 
sequence (x n ) converging to x, [[x]] can be larger than [[x n ]] but not smaller. 

To define our metric on X/^, we will enlarge the equivalence classes [[•]] near the 
boundaries of the Markov partition rectangles, and then define paths using these 
enlarged classes. The distance between [[x]] and [[y]} will be defined to be the length 
of the shortest path between [[x]] and [{y}]. A distinctive feature of our paths is 
that they are concatenations of very short moves within local stable or unstable 
sets, where the moves in the stable sets do not contribute to the length of the path. 
A variation of our metric appears in [6]. 

The bracket map is the natural candidate for a tool to enlarge the [[•]]; however 
this map is defined only on small balls. So we develop a new tool, {-, •), for this 
purpose. 

It is a well-known fact that if a metric space A is compact and C C A is a 
clopen subset, then there exists e > such that B(C,e) C C. Since we know that 
the rectangles are clopen in the stable direction, we would like a uniform constant 
satisfying this property. 

Lemma 4.3. There exists < eo < ^ex such that if x £ Ri £ V then 

* s (x,e ) CRi. 

Proof. Choose Xi £ Ri £ V. Since X s (xi,Ri) is clopen in the compact set 
X s (xi, ex), there exists < < ^ex such that 

(4.3) B(X s (x l ,R i ),e l )nX s (x l ,ex) Q X s {x l ,R l ) 

The collection {X s (y, ^ej) | y £ X s (xi, Ri)} covers X s (x,, Ri), so there is a finite 
subcover, with centers yi, ■ ■ ■ ,y n - 

By the uniform continuity of [•,•], there exists < r)i < \ei such that if 
d(a,b) < r)i then d([c, a], [c, b]) < \ei for any c £ B(a,e x ) n B(b,e x )- We will 
show that 

X s (x,rn) C R, 

for any x £ Ri. 

Choose x £ Ri and y £ X s (x,i]i). Since Ri — [X u (xi,Ri),X s {xi,Ri)\, it follows 
that x = [u,s] for some u £ X u {xi,Ri) and s £ X s (xi,Ri). And s £ X s (yj,^ei) 
for some I < j ' < n. Moreover, since d(x,y) < rji, it follows that we have 
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d (s, [Vj,y]) = d([yj,x], [yj,y]) < \e%. Hence 

d{[yj,y],Vj) < d([y j ,y],s) + d(s,y j ) 
< ±e- + ±e- 

— 2 fc * ' 2 t l 

= et, 

so that [j/j,y] £ X s (yj,€i). Moreover, since yj £ X s (xi,Ri) C X 8 ^, |e;e), it 
follows that X a (yj,ei) C X s (y.,-, ±e x ) C X*(a;i,ex). That is, 

It follows from (|4.3p that [t/j, y] € fl;. By the definition of a rectangle, x, [j/j, J/] £ R% 
implies 

V = [x,y] = [x, [yj,y]} £ 
Let eo = min{?7i | i = 1, • • ■ , M}. □ 

Next, we find a bound on the transitive closure, ~, of the relation «. 

Lemma 4.4. There exists N £ N suc/i £/ia£ if y ~ x then there are yi, ■ ■ ■ , j/at wifft 

2/ » 2/1 « • ■ • » 2/iV » 

Proof. Let eo > be as in Lemma 14.31 and choose m £ N such that 

X m ex < eo- 

Then choose r\ > such that d(x,y) < r] implies d(f (x),f (y)) < ex for all 
fc = 0, • • • , m. Cover X by ify-balls and extract a finite subcover {B\, ■ ■ ■ , B n }. 
We claim that TV = 2nM — 2 satisfies the conclusion. 

Let x, y £ X with y ~ x. By definition of ~, we know that y « j/i « • • • » yz, ~ x 
for some j/i, • • • , yjj £ X. Denote yo — y and yL+i — x. Suppose L > 2nM — 2. 
We will show that yj w yy for some non-consecutive j and j'. 

Since P covers X, f m (yo) £ Ri for some (not necessarily unique) 1 < i < M. 
By definition of «, we have j/j+i S X s (yj, e x) for all j = 0, • • • , L, so that 

Arguing inductively we see that 

(4.4) ryeX s (r(j/o), e x)nJ? 1 

for all j = 1, • • • ,L + 1. 

Since L + 2 > 2nM + 1, at least 2n + 1 of the j/j are in the same for some 
1 < i' < M. Look at those and apply f rn to all of them. Since there are at least 
2n + 1 of these, at least 3 of them are in the same B r for some 1 < r < n. Of these 
3, choose 2 that have non-consecutive indices. That is, there are yj and yj' with j 
and j' not consecutive, such that yj,yj> £ Ri' and f m {yj), f m {yj') £ B r . So 

d(f m (y j )J m (y j '))<v, 

and we have from (JOJ that f m (yj)J m (y f ) £ X s (f m (y ),e x ), hence 

r( yj )£X s (r(y r ),n). 
It follows from our choice of r\ > that 

% e X s ( % v,e x ). 

Therefore j/j » t/j' . □ 
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Choose < e'o < e such that [x,y] G X s (x 7 e Q ) nX u (y,e ) if d(x,y) < c'q (the 
existence of such a constant follows from the continuity of [•, •]). 
Let e' = min{±e^, |e' '}. 

We noted that [[x]] C X s (x). It follows that for each y G [[x]] there exists n > 
such that f n (y) G X s (f n (x), e' ). We now show that we can do this in uniform 
time. 

Corollary 4.5. There exists K G N such that ify G [[x]] then f K (y) G X s (f K (x), e' Q ). 
Proof. Suppose y ~ a;. Then by Lemma 14.41 there exist J/i, • • • , with 

2/ » 2/1 * • ■ • » VN ~ x. 
Denote yo — y and yN+i — x. We have 

y% e ^ s (yi+i,ex) 

for alii = 0, ■ • • , AT. Choose if G N such that 

A K (iV + l)e x <4 

We have 

for alii = 0, ■ • • , N, so that 

f K (yo)eX s (f K ( yi ),X K e x ) 

CX s (f K (y 2 ),2X K e x ) 

CX s (f K (y N+1 ),(N + l)X K e x ) 

CX s (f K (y N+1 ),e' ). 

That is, f K (y)eX s (f K (x),e' ). □ 

It follows quite easily from Corollary 14.51 that the equivalence classes [[•]] are 
closed. 

Now, choose 

(4.5) < 4 < e 

such that d(x,y) < e' x implies that d(f k (x), f k (y)) < e x for each k = 0, • • • , K. 
Then choose 

(4.6) < ei < e 

such that d(x, y) < t\ implies that d(f k (x), f k (y)) < e' for each k = —K, ■ ■ ■ ,K, 
and that [x, y] G X s (x, e x ) PI X u (y, e x ) (a constant satisfying the second property 
exists by the continuity of [•,•]). 

Suppose d([[y}} : [[x]]) = M{d(y', x') \ y' G [[y]], x' G [[x]]} < e x . Then there exist 
u G [[y]] and v G [[x]] with d(u,v) < t\. Let z G [[y]} and x' G [[x]]. We observe 
that 

d(f K (z)J K (x')) < d(f K (z), f K {u)) + d(f K (u)J K (v)) + d(f K (v), f K {x')) 

(4.7) < 3e^ 
< ex, 
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so that [f K {z), f K (x')} is defined. Moreover, since d(f K (z), f K {x')) < e' x , it follows 
that 

[f K (z), f K (x')} G X s (f K (z), le x ) n X u (f K (x% e x ) 
CX s (f K (y),ex)nX u (f K (x / ),e x ) 

= {[f K (y),f K (x')}}; 

that is, [f K (z),f K (x')] = [f K (y)J K (x% 
Define 

(y, M) = {r K [f K (y),f K (x')]\x' g [[*]]}. 

We just showed that (y, [[x]}) = (z, [[x]]). And we observe that 

(x,M) = {r K [f K (x)J K (x / )}\x' e[[x}]} 

= {r K lf K (x')J K (x>)]\x> G[[x]]} 

= {x' I x' e [[x]}} 
= [[x]]. 

By the uniform continuity of /, and [•, •], for each < e < e\ there exists 

< /3(e) < e 

such that d 2 ((a,b),(c,d)) < /9(e) and (/*(a), /*(&)), (/ K (c), / x (d)) £ Domain[-, •] 
implies 

d(r K [/ x (a), /*(&)], r x [/ K ( c ), / x (d)]) < c. 

Lemma 4.6. For eac/i a; G A, £/iere exists < erMi < /3(ei) smc/i tftat 
<%, [MD < £[[x]] implies [[y]] C (y, [[x]]). 

Proof. Suppose that for each n G N with ^ < /3(ei) there exists y n G X with 
%«, [N]) < i and {[y n \\ (y n , [[x]]}; i.e. there exists y' n G [[?/„]] with ^ £ (y n , [[x]]). 
We claim that d(y' n , [[x]}) > e\. 

Suppose d(y' n , [[x]]) < e\. Then there exists x' G [[x]] such that d(y' n ,x') < e\. 
By our choice of e\ > 0, it follows that [x',y' n ] G X s (x',e x ) C X s (x',e ). By 
our choice of eo, this implies [x',y' n ] « x'; that is, [x',y' n ] G [[x]]. Furthermore, 
we also have [x',y' n ] G A-%^,4). Therefore d(f k (y'J, / fe ([x', ^])) < e x for each 
< k < K, so that [f k {y' n ),f k ([x',y' n })] is defined for each < k < K . It follows 
from Definition 12.11 that 

f K [y' n ,[x',y' n ]] = [f K (y' n ),f K [x',y' n ]}. 

Therefore 

y'n = [y'm {x', y' n }} 
= r K [f K (y'n)J K [x' ) y' n }} 
£(y' n ,M) 
= (yn, [[x]]), 

a contradiction. 

Since X is compact, there exists a convergent subsequence y nk — ► y of (y n ), arL d 
a convergent subsequence y' — > y' of (y^ ). So y ~ y'. Moreover, since each 

d(y'n k . i [MD — £ ii ^ follows that d(y', [[x]]) > ei. 
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However, since [[x]] is closed as well and d(y, [[x]}) < d(y, y nk ) +d(y nk , [[%]]) — > 0, 
it follows that y G [[x]], and hence y' G [[x]]. So we have = d(y', [[x])) > ei. □ 

For sets A, B C X and < e < e x , let 

B, e) = {(a, 6) | a e A, 6 G B, a G A""(6, e)} 

(see Figure [S]). 



6 

X u (&, e) 
Figure 6. (a, b) e B, e) 



We dchnc 



sup{d(a, 6) | (a, 6) G X U (A, B, £l )} if X U (A, B, e x ) ^ 
ex otherwise 



As a distance function on X/ ^, d u is clearly symmetric and we will show that it 
is reflexive, but the triangle inequality fails. To prove the reflexivity of d u on X/^, 
let (y, z) G [[x\], ex). Then by our choice of K, 

(4-8) f K (y)eX s (f K (z),e' ). 

Since we also have d(y,z) < ex, it follows from (|4.8p and our choice of ex that 
y G X s (z, e' ). So we have 

y G e(,) n X u (z, ex) C e x ) D e x ) = {^5 

that is, y = z. It follows that 

(4.9) <r([[x]],[[x}])=0. 

For x near ST 5 , we want to enlarge [[x]] using (x, [[y]]) for some y G dV (see 
Figure [7]). 





x IN] 














2/ [[!/]] 



[[.'/]]) 



Figure 7. Enlarging the [[-]]'s near dV 
Let B°(x, e) denote the open ball around x of radius e. 
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The collection {S°([[x]], /?( j£[[a:]])) I x G dV} clearly covers dV, so there exists a 
finite subcover with centers [[xi]], • • • , [[xl]]. That is, for any x G dV there exists 
1 < I < L such that d(x, < P{\ e [[xi]])- Hence, by Lemma T4.61 

d u (M], [[xi]]) < d u ((x, [[xi]]), [[xi]]) < \e [[xi]] . 

Denote C = |jf =1 B°{{[x{\l P{\e [[xi]] ). 
Define 

M = M] |J (LKfo [N]> 1 - ^ - L > [foil) < ^[[x,]]} 

Denote 0(9P) = {x G X eP([[x]], [[x z ]]) < ±e [M] for some 1 < i < £,}. We 
observed above that dV C C C 0(&P), and so 0(dV) c CC C C Int(P). In addition, 
notice that 

M = IN] 

if as G 0(flP) c . 

In fact, it is easy to check that each x G 0(dV) is only enlarged by at most one 

For x,y € X, let P(x,y) consist of finite paths p — (po,pi,--- ,pi) satisfying 
po = x, pi = y, and [[pj+i]],ei) ^ for each < i < I. We define the 

length of a path p = (jpa,P\, ■ ■ ■ ,pi) to be 

7-1 
i=0 

Proposition 4.7. <5([[x]], [[y])) = inf{l,Z(p) | p G P(x,y)} defines a metric on 
X/^. Moreover, 5 gives the quotient topology on X/^,, so that is compact. 

Outline of Proof. Due to the length and highly technical nature of this argument, 
we simply give an outline. 

i) M = [[y]]^S([[x)] 1 [[y]})=0: 

If [[x]] = lly}} then \ X -} = \y] and (x,y) G P(x,y). So S([[x\], [[y]]) < d u ( \x~\ , \y\). 
Let's show that d"(|~x], |~x~|) = for all x G X. We remarked above that either 
|V| = {{x}} or fx] = (x, [[x m ]]} for some 1 < m < L with d"([[x]], [[x m ]]) < \t{[ Xm ]\- 
For the first case, we've already shown that d"([[x]], [[x]]) = for all x. For the 
latter case, it can be shown that 

X«((x, [[x m }\), (x, [[x m ]]), e 1 ) = {(f- K [f K (x),f K (x' m )}, r K [f K {x), f K (x' m )}) \ 

x m 6 lPra]]}i 

so that d u ((x, [[x m ]]), (x, [[x m ]})) = 0. 

ii) S([[x}},[[y}})=0^[[x}} = [[y}}: 

This is the only difficult element of the proof, and is broken into two separate 
cases. 

Case 1: xi 0(8P) 

In this case it is clear that 5([[a;]], [[y]]) =0 implies that x and y are in the interior 
of the same rectangle. Moreover, for p G P(x,y) with l(p) small enough, it can be 
shown that c?(x, [y, x]) < l(p). As a result, we have x = [y, x] G X s (y, ex) and hence 
x « y. 

Case 2: x G 0{dV) 
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In this case we make use of the fact that \x~\ — (x, [[x m ]]) for some 1 < m < L with 
^"([ML < 2" e [[z m ]]- ^ can ^ e shown that for p £ P(x,y) with 

< \e[[x m )] - d u {[[x]], [[a? m ]]), we have d(y, [[x]]) < l(p); it follows that y £ [{x}}. 

^S([[x}} 7 [[y}})=S([[yUM)- 

This follows immediately from the observation that (po, ■ ■ ■ ,pi) £ P(x, y) if and 
only if (pi, ■ ■ ■ ,po) £ P(y, x), and the symmetry of d u . 

iv) S([[x}},[[y}})<S([[x}},[[z}})+6([[z}},[[y}}y. 

If [[z]]) = 1 or <5([[z]], [[y]]) = 1, this holds trivially. So assume that 

S([[x]),[[z])) < 1 and S([{z)],[[y])) < 1. If p = (pcv.P/) £ P{x,z) and 
1 = (<7o,-" ,<?./) S P(z,y), then (p ,--- ,P/ = 9o,?i, • • • Qj) G P(x,y), that is, 
P(ir, y) 7^ 0. Therefore 

<S([[a;]],[[y]]) <inf{Z(p) |p6P(a;,y)} 

< inf{Z(p) | p = (p , • • • ,pi) € P(x,y), p t = z for some < i < /} 

= inf{/(p ,-- • >Pi) + lipi,-- ■ ,Pi) I P = (Po, • • • ,Pi) G P(x,y), Pt = z} 

= inf{/(p') + Z(p") | p' 6 P(z, z), p" e P(z, ?/)} 

= inf{/(p') | p' e P(x, z)} + inf{/(p") | p" e P(z, j,)} 

= 5([[x]],[[z]])+<5([W],[[ 2/ ]]). 

v) (5 gives the quotient topology on X/ ^ 

Let 7^ denote the quotient topology on X/~. The quotient map (X, d) — > (X/^, S) 
can be shown to be continuous by considering the two separate cases of part ii) 
above. Since T q is defined to be the finest topology on X which makes the quotient 
map X —} X/„j continuous, it follows that the identity map id : (X/^, T q ) — > (X/^, S) 
is continuous. Since this identity map is a bijection from a compact space to a 
Hausdorff space, it follows that it is in fact a homeomorphism. That is, the two 
topologies are the same. 

□ 

The final element in the construction of our quotient space is the definition of 
an appropriate mapping. Let us show that the natural mapping a : Xj ^ — > Xj ^ 
given by 

«([[*]]) = [[/(*)]] 

is well-defined. 

We begin by showing that y £ [[x]] implies f(y) £ [[/(a;)]]. First, consider 
the case where x £ Int(Pj) D / _1 (Int(Pj)), and suppose that y « x. Then 
y £ X s (x,Ri), so by the definition of a Markov partition, it follows that 

f(y)£f(X s (x,R i ))QX s (f(x),R j ); 

that is, f(y) w f(x). Since ~ is generated by «, we also have x ~ y implies that 

f(x) ~ f(y). 

Now choose any x £ X, and suppose y w x. Then x,y £ Ri for some Ri £ P. 
Bowen [3] proves that f(x) £ Rj for some j with Int(Pi) fl / _1 (Iiit(Pj)) ^ 0, and 
moreover that 

/(X s (x,i^)CX s (/(x),P,). 
Therefore f(y) « f(x). Since ~ is generated by «, we also have x ~ y implies 

f(x)~f(y). 
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That a is surjective follows immediately from the surjectivity of /. 
Proposition 4.8. a : X/~ — > Xj ^ is continuous. 

Outline of Proof . Let [[y n ]] — > [[y]]. We want to show that [[/(jm)]] — > [[/(?/)]]• 
First, it can be shown that there exist 

(4.10) {a n ,b n ) G X u ([[f(y n )]], [[/(y)]],£i) such that d(a n ,b n ) ™> as n -> oo 

by separately considering the two cases y £ 0(dV) and y G 0(dV). 

Then it can be shown that (|4. 10[) implies [[/(y n )]] — ^ [[/(y)]] by considering the 
two cases f(y) £ O(dV) and f(y) G 0{dV). In the first case we get 

S([[f(yn)]i[[f(y)}}) <d u (\f(y n )],\f(y)]) 

= swp{d([f(y n ),z],z)\z€[[f(y)}]} 
= sup{d([a n , z], [b n ,z]) | z G [[f(y)]]} 
-> 0. 

And in the second case we get 

5([[f(yn)}],[[f(y)}})<d u (\f(y n )],\f(y)]) 

<su P {d(r K [f K (f(yn)J K (xl)},r K [f K (f(y)),f K (x^)}) | 
X 'L e [[x m ]]} 

= sup{d(f- K [f K (a n ), f K (x f ; i )]J- K [f K (b n ) 1 f K (x'^)}) | 
x'L e [[ar m ]]} 

->• 0. 

□ 

4.2. The Quotient Space Satisfies Axioms 1 and 2. We have already shown 
that (X/„, 5) is a compact metric space, and that the mapping a : X/ ^ — > Xj ^ is 
continuous and surjective. 

Choose K as in Lemma [431 and let 7 = A, the expansive constant for the Smale 
space (X, d, f ). We will show that there exists j3 > such that 
Axiom 1: if 5([[x}}, [[y]]) < then 

S([[f K (x)}}, [[f K (y)}}) < J K S([[f K (x)}}, [[f K (y)}}), 

and 

Axiom 2: for all [[x]] G X/ ^ and < e < [3, 

a K (B({{f K (y)}},e)) Ca^miy}},^). 

Lemma 4.9. For any [[x]] G X/„, f K \x\ C [[/ K (x)]]. 

Proof. Case 1: x £ 0(dV) 

Then \x\ = [[x]], so that |V| = / A '[[x]] C [[/*»]] by Lemmas El and ED 
Case 2: x G 0(dV) 

Then |~x] = (x, [[x m ]]) for some 1 < m < L with d"([[x]], [[x m ]]) < 2 e t[*m]]- 
Choose x' m G [[x m ]]. Recall from (14. 7[) that 

d(f K (x)J K (x' m ))<3e' <e'l 

By our choice of eg, it follows that 

[/ A -(x),/^(x; n )]GX s (.^(x), £o ). 
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So by Lemma EH we have [f K (x)J K (x' m )} « f K {x). □ 
Lemma 14.91 can be used to prove that there exists 771 > such that 

(4.11) 5{[[x]], [[y])) < m implies X u ([[f K (x)}}, [[f K (y)}}, /3( £l )) ^ 0. 
By the uniform continuity of a and / , there exists 

< r) 2 < 771 

such that 5 ([[x]}, [[y]]) < 772 implies i(a K [[2;]],Q K [[i/]]) < 771, and such that 
d{x,y) < 772 implies d(f~ K (x),f~ K (yj) < ex- It follows from (I41ip that 

(4.12) S([[x]], [[y]}) < m implies d»([[f K (x)]}, [[f K (y)]}) < S([[f K (x)}], [[f K (y)}}). 
Choose 

< T] 3 < r/ 2 

such that <5([[x]], [[y]]) < i] 3 implies ^a^jfi]], ^^"[[y]]) < 772, and such that d(x, y) < 7/3 
implies that d([x, z], [y, z\) < r\2 for all z such that (a;, z), (y, z) e domain([-, •]). We 
will show that f3 — 773 satisfies Axioms 1 and 2. 

For Axiom 1, suppose that <S([[x]], [[y]]) < 773 < 771 . By (|4.11[) . we have that 
(f K (x), f K {y)) e P(f K (x), f K (y)), so that 

(4.13) S([[f K (x)}),[[f K (y)}])<d u (\f K (x)l\f K (y)-]). 

Since <5([[x]], [[j/]]) < 773 implies S([[f K (x)}], [[f K (y)]]) < m , we have by (031]) that 

(4.14) d"([[f K (x)]}, [[f 2K (y)}}) < S([[f K (x)}}, [[f 2K (y)}}). 
And by Lemma T4.91 

(4.15) \f K (x)] C r K [[f K {x)]] and C /~ A "[[/ 2K (y)]]. 
Combining P~T3)) . (|4TT5|) . and we get 

<^(/- K [[/ 2K W]],r K [[/ 2A (y)]]) 

= sup{d( M ,7;) I (u,v)eX u (f- K [[f K (x)}}J- K [[f 2K (y)}} 7 e 1 )} 
= S up{d(f- K (u),f- K (v)) I 

(«,«)€ X»{[[f* K (x)]],[\f 3K (y)]],ei)} 

= su P {\ K d(u,v) 1 (^lertdftxiM^i],^)} 

= \ K d u {[[f K {x)U[f K {y)]]) 
<X K 6([[f 2K (x)}],[[f 2K (y)}}). 



Axiom 2 will take a little more work. We want to prove that 



K (B([[f K (y)]],e)) Ca 2K (B([[y}], 1( 



a 



for all < e < 773. 

Let [[f K (y)}]) < Recall that we denoted our finite cover of 9(7') by 

C = U;=i /^(^[[a;;]])- We will consider two separate cases. 

Case 1: f K (y)^C 
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It is not hard to show that f K (y) and z are in the interior of the same rectangle 
and that 

(f K (y), [z, f K (y)}) G X u ([[f K (y)}], [[«]],%) Q X u ([[f K (y)}], [[z]}, m ). 
So by our choice of 772, 

(y,f- K ([z,f K (y)}))GX-([{y}],[[f- K ([z,f K (y)])}}^i), 
hence 5([[y]}, [[f- K ([z, f K (y)})}}) < d u (\y], \ f~ K ([z,f K (y)})]). Moreover, we have 

d([[f K (y)}}, [[z]]) < d(f K (y), [z, f K (y)}) < m < e[. 
We leave the proof that 

d u ([[f K (y)}}, [[z]]) = su P {d( u , [z,u]) I u e [[f K (y)}}} 

= S Md([f K (y),u],[[zj K (y)},u})\ue[[f K (y)}}} 
< m 

as an exercise for the interested reader. 
So by Lemma ELT)l 

s({[y}ur K ({^f K (y)})]})<d u m,\f- K ([z,f K (y)m) 

<d u (f- K [[f K (y)]]J- K [[[z,f K (y)}]]) 
= d u (f- K [[f K (y)}] ) f- K [[z}}) 
<\ K d«([[f K (y)}},[[z]}) 

< m 

It follows by flia that d u ([[f K (y)}}, [[z]]) < S([[f K (y)]], [[z]]). Therefore 

S([[y}}, lir K ({z, f K (y)l)}}) < \ K d u ([[f K (y)}}, [[*]]) 

<\ K 6([[f K (y)]],[[z}])- 

Moreover, we have a™ ({{f- K ({z, f K (y )})}}) = a K ([[ [z, f K (y)} ]]) = «*[[*]]. 

Case 2; / K (p) € C 

Then d{f K (y), [[x m ]]) < 0(|e [[Sm]] ) for some 1 < m < L. 

Let p = Oo,--- ,p/) G P{f K {y),z) such that Z(p) < 171. Since C C 0(9^), it 
follows with a little work that [[pi]} Q (pi, [[x m ]]) C [pj] for all i = 0, • • • , /. 
So we have 

f K (y) = r K [f K (y),f K (x' m )} 

for some x' m G [[#m]]- Define 

«i = /- K '[/ iS '(Pi),/ K '(^)] 
for alH = 0, • • • , /. Then by Lemma \A.9\ 

f K {ui) G / K (p„ [[a; m ]]> C f K \p{\ C [[/*&)]] 
for alH = 0, • • • , L 

It is easy to check that f- K [f K (u T ), f K «)]) = f- K [f K (pi), f K {x'^)]) for all 
G [[x m ]], and that 

(4.16) (fW.u^rflifbKW],,!). 
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Therefore 

d u ([[f K (y)}}, [[«/]]) < d u ({f K (y), [[x m ]}), \ui]) 

= s Md(r K [f 2K (y)J K «)]J- K [f K (u I )j K ( x '^}) | 

X'L 6 [[*m]]} 

= sup{d(f- K [f K (y), f K {xl)],r K [f K {z), f K {xl)]) | 
< 6 [Nm]]} 

<su P {^d(r^[/^fe),/ K (^)],/- A '[/ K fe+i),/ K (^ 

x'L 6 [[«m]]} 

< twi' 



< 



^^(M.rw+ii) 



= m, 

andsorf"([[/ K (y)]]JM]) <inf{/(g) | <Z £ ^(2/),^), J(ff) < »h} = K\[f K (»)]]. [[*]])• 
Moreover, (|4.16p gives 

(», /-*(«!)) 6 [[/-*(«!)]],£!) 

by our choice of r\\ . 
So by Lemma EH 

my]U[r K {ni)]])<^m,\f- K {uj)^ 

<d u (f- K [[f K (y)]]J- K [[u I ]}) 

<X K d-([[f K (y)}},[[u I }}) 

<X K S([[f K (y)]U[z]}). 

And we had € f K {\z\) C [[/^(z)]], so that 

« 2K [[r K K)]] - [[/*(«/)]] = = «*[[«]]. 

4.3. Topological Conjugacy. Since we have shown that (X/^,a,8) satisfies Ax- 
ioms 1 and 2, we use the notation of Section [3] for the inverse limit associated with 
this system. That is, we denote 

X/~~ = km X/~ X/„ ^ . 

Moreover, d:X/^— s^A/^is given by 

a([[x ]}, [[ Xl ]], [M], • • • ) = (a([[x }}), a([[ Xl ]]), a([[x 2 }}), ■■■) 
= ([[/(so)]], W, «,•••), 

and 

K-l 

5(x,y) = ^ 7 - fe y(d- fe (x),^ fc ( y )), 



fc=0 

where 

«'(x,y) = Bup{ 7 "*([[x n ]],[[i/ n ]])|n>0} 
and K > 1 and < 7 < 1 are the Axioms 1 and 2 constants for (A/^, a, <5) . 
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Define u : X — > X/„ by 

W (x) = ([[x]],[[/- 1 (x)]],[[/- 2 (x)]],---). 
Lemma 4.10. uj : (X,d) — > (X/^,5') is a homeomorphism. 

Proof. Since (X, d) is compact and (X/^,6') is a metric space, it suffices to prove 
that u is continuous and bijective. 

We begin with continuity. Let e > 0. Choose A S N such that X N < e. Since 
the quotient map X — > X/ ^ is uniformly continuous, there exists e' > such that 
(5([[x]], [[y]]) < e if d{x 1 y) < e'. And there exists e" > such that d(x,y) < e" 
implies that d(f~ n (x), f~ n (y)) < e' for n = 0, • • • , N - 1. 

So let y) < e". Then for n = 0, • • • , A — 1 we have 

X n S([[f- n (x)}],[{f- n (y)]})<X n e<e. 
And for n > A, we have 

A"<5([[/-"(x)]],[[r"( y )]])<A"< e . 
Hence *>(*), wfo)) = sup{X n S([[f- n (x)}}, [[f- n (y)}]) n > 0} < e. 

For surjectivity, let z = ([[z ]], [[^i]], • • • ) G A/^. Observe that for all N £ N and 
each 

< to < A, 

[[z m ]} = a N - m ([[z N }]) = [[f N - m (z N )}}. 

Hence 

^MA**)).*) - S up{X n S([[f N - n (z N )]}, [[z n ]]) | n > 0} 
= sup{A n < J([[/ Ar - n (z J v)]], [[*„]]) | n > A} 
<A W 

That is, ui(f N (zN)) — > z as A — > oo. 

However, since (f N (zjs[)) is a sequence in the compact space X, it has a conver- 
gent subsequence f Nh {zN k ) — ► J/- By the continuity of cj, 

hence z = uj(jj). 

And finally, to prove injectivity suppose lo(x) — Then f~ n (x) ~ f n (y) 

for all n > 0. In particular, 

/-(*+«) (a:) ~/- (ir+n) (y) 
for all n > 0, so that f~ n (x) € X s (f~ n (y), e' ) by Lemma 1431 This implies 

zeX^AVo), 

and hence d(a;, y) < A n £g, for all ?i > 0. So x = y. □ 
Now let's show that the following diagram commutes: 

X — X 

X/ ^ — — y Xfr^ 
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Let sel. Then 



(J o f(x) 




Therefore (X,d,f) and (X/^,5,a) are tope-logically conjugate. 
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